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THE EFFECT OF STAGING ON THE RANGE OF 
UNDERWATER ROCKETS (U) 

By 

W. C. Ragsdale 

ABSTRACT: A simple relation Is derived for computing the range 
of a solid-propellant multi-stage underwater rocket. The 
rocket is assumed to consist of identical stages designed to 
give constant vehicle velocity and is assumed to travel horizon- 
tally. A comparison of the range of two- and three-stage 
rockets is given. The effect of staging and payload size on the 
range of a rocket powered anti-ship torpedo is considered as a 
specific example. 

APPROVED BY:       Carl Boyars, Chief  
Physical Chemistry Division 

CHEMISTRY RESEARCH DEPARTMENT 
U.S. NAVAL ORDNANCE LABORATORY 

WHITE OAK, SILVER SPRING, MARYLAND 
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The work reported here vas carried out under Task RRRE-0Ö019/ 
212 1/F008-06-03, Underwater Rocket Performance.  The factorc 
Influencing the performance of underwater rockets will be studied 
In this research program. This report describes an analytical 
study of the effect of staying on the ranye of underwater rockets. 
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LIST OF SYMBOLS 

A = total wetted surface area of vehicle, ft 

Cp = drag coefficient, dlmenslonless 

D = diameter of vehicle, ft 

F = drag force acting on vehicle, Ibf 

g = conversion factor - ^2.2 lbm-ft/lbf-sec 

I = specific impulse of rocket motor, Ibf-sec/lbm 

L = overall length of vehicle, ft 

'L = combined length of propellant grain and rocket nozzle 
for single-stage rockets, ft 

^ = length of propellant grain plus nozzle for multi- 
stage rockets, ft 

n = number of stages 

N = length of rocket nozzle, ft 

P = length of payload section, ft 

R, = range of a single-stage rocket, ft 

(R,) = maximum possible range for a single-stage rocket, ft 

R = range of a rocket with n stages, ft 

T = thrust of rocket motor, Ibf 

V = vehicle velocity, ft/sec 

Wp = mass of propellant, Ibm 

a = payload fraction, dlmenslonless 

ß = nozzle fraction, dlmenslonless 

9 = burning time of rocket, sec 

p = density of water, lbm/ft^ 

Pp = propellant density, lbm/ft- 3 
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INTRODUCTION 

The forces acting on an underwater rocket are the thrust 
of the rocket motor, the weight and drag of the vehicle and the 
buoyant force. Due to the relatively high density of water, the 
drag force is much larger for underwater rockets than for 
rockets operating in the atmosphere. As a result, underwater 
rockets usually travel at a terminal velocity, in contrast to 
atmospheric rockets which accelerate during burning and coast 
after burnout. 

The total drag of slender bodies traveling underwater 
(such as torpedoes) consists almost entirely of skin friction 
drag and for this reason is directly proportional to the total 
wetted surface area (.1). It Is this fact that makes staging an 
attractive proposition for underwater rockets - under certain 
conditions. Underwater rockets are inherently Inefficient, and, 
as a result, most of the vehicle volume is usually taken up by 
the propcllant. As propellant is consumed, a progressively 
larger portion of the vehicle becomes an empty shell, contribut- 
ing nothing to the thrust of the rocket but contributing signifi- 
cantly to the drag of the vehicle. By dividing the rocket into 
several stages, each having Its own nozzle and propellant supply, 
the spent portions of the rocket may be discarded and the range 
or velocity of the vehicle increased accordingly. 

The effect of one method of staging on the range of under- 
water rockets is considered in this report. None of the practi- 
cal problems of staging have been considered. 

ANALYSIS 

In order to obtain simple relations for estimating the 
effect of various parameters and staging on the range of under- 
water rockets, the following assumptions are made: 

1. Only solid propellant rockets are considered, 
2. The rocket travels In a horizontal path. This implies 

that the effects of buoyancy and weight on the trajectory are 
neglected. 

3. The rocket quickly reaches a constant terminal velocity 
where rocket thrust is equal to hydrodynamic drag. 

h.    In computing range, periods of rocket acceleration and 
deceleration are neglected. The range is taken as the product 
of the terminal velocity and the burning time. 

5. The specific impulse is constant. 
6. The drag force acting on the vehicle Is assumed pro- 

portional to the total wetted surface area. 

1 
CONFIDENTIAL 



CONFIDENTIAL 
NOLTR 64-173 

The assumption of constant vehicle velocity Implies, In 
the case of a single-stage rocket, a constant chamber pressure 
if the rocket Is traveling horizontally (assumption 2). 

In order to achieve constant vehicle velocity with a 
multi-stage rocket it is necessary to vary thrust between 
stages. Following assumption (5), this can be accomplished by 
operating each stage at the same chamber pressure and using in 
each stage propellant having the same specific Impulse* but 
different burning rate characteristics. Under these conditions, 
variation in thrust is due to variation in the mass discharge 
rate of the propellant from stage to stage. 

Single Stage Rockets 

The following additional assumptions are made regarding 
the single-stage underwater rocket: 

1. The vehicle is assumed to be made up of a cylindrical 
payload section, a cylindrical propellant grain and a cylindrical 
nozzle section, as illustrated in Figure 1A. 

2. The total wetted area is taken to be the lateral area 
of the cylindrical vehicle. 

The thrust of the single stage rocket Illustrated In 
Figure 1A is given by the following expression: 

T = l_-5-= I XD lAL-Nl7r-= I TrD^Ur-- -*hr      U) :pir ^pTT ^'y-- "spT1' LT" DJT 

whe re 

T - thrust of rocket motor, ibf 

I = specific Impulse of rocket motor, Ibf-scc/lbm 
sp 

Wp = mass of propellant, Ibm 

1 = total burning, time, sec 

D = diameter of the vehicle, ft 

.'L = combined length of propellant grain and rocket 
nozzle for single-stage rockets, ft 

Pp = propellant density, lbm/ft^ 

N = length of rocket nozzle, ft 

*At a particular chamber pressure, ambient pressure, and nozzle 
expansion ratio. 

2 
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The drag force actinc on the vehicle is given by the 
followinc expression (asBumption 6, p. 2): 

2 
F = AC 

D2ß. 
7rDLCn^ = 7rD['L + P'C^ I)

2EC D2gc 
(2) 

n2 AL  P ^p pV 

where 

L = overall length of vehicle, ft 

P = length of payload section, ft 

F = dra^ force acting on vehicle, Ibf 
M.2 A = total wetted surface area of vehicle, ft 

0= drag coefficient, dlmensionlecs 

p = density of water, ibiu/ft^ 

V = vehicle velocity, ft/sec 

r = conversion factor - >2.2 lbni-ft/lbf-sec 
^c 

2 

Combining equations (l) and (2) and using assumption; 
3 and 4 (p. 2) leads to the following approximate expression 
for the range, FL , of a single-stage underwater rocket: 

lb. 

D" 
GAp 
2ü/ J L 

Pp 

P 

P 

a 
(3) 

where 

P/D 
a "' L/D - P/D 

R -    lVP 1 '" rTiT- P/D 

P/D 
ÄE75 
N/D 

7L7D 

The maximum possible range of a single-stage rocket for given 
values of I , pp, C^, D and V would occur when a = 0 and 

ß = 0. This corresponds to a hypothetical rocket made up 
entirely of propellant. Expressing the range in terms of the 
maximum possible value gives: 

j 
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\^) max l-t-a 
(M 

v/here 

(R,)   = maximum possible range for a single-stage 
i max 

1  « i        TV       Lf   *J U rocket - D ' *- 
2CDV P 

,ft. 

Duo to their approximate nature, equations (j) and (4) are 
nore useful as scaliiig rules to estimate the effect of rt and ß 
on range than as relations for determining the actual range of 
single-stage underwater rockets. 

Multi-Stage Rockets 

The following additional assumptions are made regarding 
multi-stage underwater rockets: 

1. The vehicle is assumed to be made up of a cylindri- 
cal payload section and a number of identical stages, each 
consisting of a cylindrical propellant grain and a cylindrical 
nozzle section, as illustrated in Figure ID. 

2. The stages are assumed to be discarded as soon as 
they arc completely burned. 

The range of the multi-stage underwater rocket is 
determined by summing the Increments of range obtained by burn- 
ing each stage. Following the same procedure as for the single- 
stare rocket leads to the following expression: 

Rn 
D 

M^ 
or  V p 

1st Stage  2nd Stage 

n 

*L' N 
D ~D 

D  D 

AL1 

D 
N 
D 

nth Stage 

AL1 

D 
4 ll1 

D 

D  D 

,J. 

or. 
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Ist 3l:^-e ..i.d Sta^o nth StajQg 

t^;= (1"n3) \^ukr ' nrrW" "•••■' nd-faMn-nj (0) 

v/he re 

AL^ lencth of propellant f;rain pluü nozzle for multi- 
Dtaf;c rockets, I't, 

n ~ number of st'ircr 

R = rarre of a rocket w;-..!; :. ■• i •■ : , :"■■ 
n 

n    ---       P/D  r-.    P/D 
L/D-P/D  iTTyü 

3 =  1I/D    N/D 
L/D-P/D ' nÄT7/^ 

Equation:: (4) and (o) nay be ur.od to :o";pare the raji^.e 
of multi-ctage rockets with the ra.nrc of" :-]n,''lo nta^r,e rockets. 
It should be pointed out that such comparisons arc restricted 
by the assumptions made In dorlvlnr, equation;' ('l) and (6).  It 
Is important to remember that only one method of sta^inc has 
been considered, i.e., identical stages designed to rive a 
constant vehicle velocity. Two additional assumptions will be 
made ; 

1. The single-stage and multi-stage rocket::- compared 
have the same value of a  and ß, i.e., the same values of D, L, 
N and P. Figure 1 Illustrates this assumption. 

2. The rockets compared have the same valuer, of Ir, , 
CD and pp. "p 

Combining equations (4) and (6) with these assumptions 
gives: 

§" =linß U ,  1 ,  ,   .. _J I (7) 
1+a 1-ta 

RESULTS AND DISCUSSION 

Values of R /R-,   for two-stage and three-stage under- 
water rockets were calculated using equation  (7)  and are shown 
in Figure 2.    These  results show that the effect of staging on 
range becomes greater as either n or ß are decreased.     In other 

5 
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wordsj Gtapinc becomes more effective in increaslnc the ranee 
of an underwater rocket when the payload and nozzle Gections 
make up a small portion of the vehicle. Thus, when a and ;3 are 
zero the effects of staging are greatest. Using these limiting 
conditions the results show that the range of underwater rockets, 
under the assumptions made, could be increased by not more than 
about 50^ if two stages were used Instead of one and by not more 
than about 83^ if three stages were used. 

For large values of a and ß the effects of staging are 
reduced and may actually be adverse. For example, when a ^ 0.5 
and ß = 0.12 the range of a two-stage rocket is only 8 percent 
larger than a single stage vehicle and the range of a three- 
stage rocket is actually 1 percent smaller. This is due to the 
fact that as the number of stages is increased some propellant 
must be sacrificed in order to make room for the additional 
exhaust nozzles required. This effect finally offsets the bene- 
ficial drag reduction effect as the number of stages is 
increased. 

The range of two-stage and three-stage rockets are com- 
pared in Figure 3. It can be seen that over a wide range of 
values of a and ß the range of three-stage rockets is only 
slightly larger than that of two-stage rockets and is smaller 
than the range of two-stage rockets at large values of a and ß. 
Hence, it appears that underwater rockets of three stages or 
more would be of little practical value. 

To illustrate the various effects of staging on range 
discussed above, a specific rocket design will be considered. 

A recently proposed design for a rocket powered anti- 
ship torpedo is shown in Figure 4 (2). Values of a and ß calcu- 
lated from the dimensions given in the figure are as follows: 

a = .538 

ß = .113 

For these values of a and ß, equation (7) indicates that the 
range of the torpedo could be increased about 8 percent If two 
stages were used but would not be increased if three stages 
were used. This illustrates the fact discussed previously that 
the effect of staging on range is either small or adverse at 
high values of a  and ß. 

If the length of the payload of the proposed torpedo 
were decreased while maintaining the same overall length, the 
values of a and ß would be decreased. The benefits of staging 

6 
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would become more pronounced at smaller values of a and (3, as 
mentioned previously. The effect of decreased payload size on 
the range of the torpedo is Illustrated in Figure 5. 

The length of the proposed payload section is 86 Inches. 
Figure 5 shows that if the payload length were cut in half (a 
reduced from .538 to .212; ß reduced from .115 to .O8S5) and the 
same overall length were retained, the range of the single-stage 
torpedo would be increased ;'0 percent. The range would be 
increased an additional 22 percent if two stages were used 
instead of a single-stage, and 2^1 percent if three stages were 
used. A two-stage torpedo with the same overall length would 
have un porcent more range than the proposed torpedo. In making 
these comparisons, the same exhaust nozzle length, N, has been 
assumed for all torpedoes. 

In order to cut the length of the proposed payload 
section in half and retain the present total payload weight it 
would be necessary to repackage the components of the payload 
section so that the overall payload density would be .057 lb/in"', 
about the same as that of TNT. The feasibility of doing this 
would probably depend on how much empty space could be eliminated 
from the guidance section. The use of a high density explosive 
would also help reduce the payload size. 

In this report none of the practical problems of under- 
water rocket staging have been considered, such as stage 
ignition and separation. A highly idealized situation has been 
assumed in order to estimate the maximum possible effect of 
staging on the range of underwater rockets. The increases in 
range actually realized with a multi-stage rocket would probably 
be somewhat smaller than those estimated here. 

Only one met,hod of staginr. lias been considered: equal- 
length st'u es designed to give a constant vehicle velocity. 
Many other method:, of staging can ; f1 imagined, involving stages 
of dlfferert lengths designed to give different vehicle veloci- 
ties. No attempt has been mule to determine the optimum method 
of staging. 

CONCLUSIONS 

Under the assumptions made ir this report, the following 
conclusion;- can be drawn concerning the effect of staging on the 
range of underwater rockets: 

1. The range of underwater rockets can be increased by 
not more than c;0 percent by using two stages instead of one and 
by not more than 8.5 percent by using three stages. 

CONFIDENT I/vL 



CONFIDENTIAL 
NOLTR 64-173 

2. Staging is effective in increasing the range of 
underwater rockets only when the payload section and nozzle 
sections make up a small portion of the vehicle. 

3, Staging has an adverse effect on range when the 
nozzle and payload sections make up a large portion of the 
vehicle. 

h.    Underwater rockets having more than two stages would 
be of little practical value. 
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FIG 2  COMPARISON OF RANGE OF TV/O-STAGE AND THREE-STAGE UNDERV/ATER 
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